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ABSTRACT
We consider exactly solvable semi-classical theory of two dimensional dilatonic
gravity with electromagnetic interactions. As was done in the paper by Russo,
Susskind and Thorlacius, the term which changes the kinetic term is added to the
action. The theory contains massless fermions as matter fields and there appear
the quantum corrections including chiral anomaly. The screening effect due to the
chiral anomaly has a tendency to cloak the singularity. In a region of the parameter
space, the essential behavior of the theory is similar to that of Callan, Giddings,
Harvey and Strominger’s dilatonic black hole theory modified in the paper by
Russo, Susskind and Thorlacius and the singularity formed by the collapsing matter
emerges naked. We find, however, another region of the parameter space where
the singularity disappears in a finite proper time. Furthermore, in the region of
the parameter space, there appears a discontinuity in the metric on the trajectory
of the collapsing matter, which would be a signal of topology change.
2
1. Introduction
One of most important theme in elementary particle physics is to construct the
quantum theory of the gravity. Black hole evaporation, however, provides a seri-
ous problem. A quantum mechanically pure state which describes gravitationally
collapsing matter to form a black hole, evolves into a mixed quantum state which
describes Hawking radiation.
1
This implies that there does not exist a well-defined
S-matrix theory. There are several scenarios to solve this problem of the loss of
quantum informations. Hawking has given a most radical proposal that the black
hole completely evaporates and the quantum coherence is lost in the gravitational
collapse. On the other hand, ’t Hooft has proposed that Hawking radiation carries
off informations about the quantum states of the black holes.
2
Another conservative
proposal is that the process of the collapse and the radiation leaves a stable remnant
which carries the information of the initial configuration of the system.
3
However,
if the remnant has the mass of order the Planck scale, gravitational effects would
produce the light remnants in pair and the lifetime of stars would be shorter than
observed. Therefore the mass of the remnants should be macroscopic. A candidate
of such remnants is the extremal black holes of Reissner-Nordstro¨m solutions.
4
The
extremal black holes have vanishing temperatures and the space-time metric is not
singular everywhere.
Recently, Callan, Giddings, Harvey and Strominger (CGHS) have investigated
an interesting toy model of two dimensional gravity.
5
In this model, the gravity
couples with a dilaton and conformal matter fields. They found classical exact
solutions, including the solutions describing the formation of a black hole by col-
lapsing matter. Furthermore Hawking radiation and the back reaction of the metric
can be described by adding correction terms to the classical equations of motion.
The correction terms derive from the conformal anomaly of the matter fields. It
was also argued that the quantum correction would remove the usual black hole
singularity. Several groups,
6−9
however, pointed that gravitational collapse always
leads to a curvature singularity. Susskind and Thorlacius have found massive static
3
solutions with zero temperature but they have shown that a decaying black hole
cannot evolve into one of them.
7
Although the original CGHS semi-classical equations of motion have not been
solved explicitly, Bilal and Callan
10
and de Alwis
11
have found that the original
model can be modified to allow obtaining explicit exact solutions of quantum black
holes.
⋆
After that, Russo, Susskind and Thorlacius have studied a variation.
13
They
have changed a kinetic term by adding the following term to the action,
δS = − κ
4π
∫
d2x
√−gφR . (1.1)
Here φ is a dilaton field and R is a scalar curvature. Then there appears a conserved
current Jµ, which has the following form,
Jµ = ∂µ(φ− ρ) , (1.2)
in the conformal gauge,
g∓± = −1
2
e2ρ , g±± = 0 . (1.3)
The current has already appeared in CGHS’s classical theory. The conserva-
tion law ∂µJ
µ = ∂µ∂
µ(φ − ρ) = 0 allows to fix the residual gauge symmetry
of reparametrization by choosing the condition φ− ρ = 0, which is given by a sum
of holomorphic function w+(x+) and anti-holomorphic function w−(x−) in general
: φ(x+, x−)−ρ(x+, x−) = w+(x+)+w−(x−). The gauge choice is very useful when
we construct explicit solutions of classical and semi-classical equations of motion.
In the previous paper,
14
the authors have coupled electromagnetic fields to
CGHS dilatonic gravity. The coupling has been chosen so that the current (1.2) is
conserved. This model can be also solved classically. Among the solutions describ-
ing static black holes, there exist extremal solutions which have zero temperatures.
⋆ Similar but different quantum model was proposed by Hamada.
12
4
In the extremal solutions, the space-time metric is not singular and these solu-
tions should be analogues of four dimensional extremal Reissner-Nordstro¨m black
holes. We also obtain the solutions describing charged matters (massless fermions)
collapsing into black holes. Through the collapse, not only future horizon but
past horizon is also shifted. The quantum corrections have been also discussed
by including chiral anomaly. When the matter collapses into a black hole, except
the case that the resulting black hole is extremal, the curvature singularity also
appeared in the quantum theory in a way similar to CGHS model.
In this paper, we consider exactly solvable semi-classical theory of two dimen-
sional dilatonic gravity with electromagnetic interactions. The term corresponding
to (1.1) is added to the action. The screening effect due to the chiral anomaly has a
tendency to cloak the singularity. In a region of the parameter space, the behavior
of the theory is similar to that of modified CGHS’s dilatonic black hole theory
which has been analyzed by Russo, Susskind and Thorlacius
13
and the singularity
formed by the collapsing matter emerges naked. In another region of the parameter
space, however, the singularity disappears in a finite proper time. Furthermore,
in the region of the parameter space, there appears a discontinuity in the metric
on the trajectory of the collapsing matter, which would be a signal of topology
change.
In the next section, we review the classical theory of charged dilatonic black
holes based on the previous paper. In section 3, we consider the semi-classical
theory by adding the correction terms to the classical action. The correction terms
contain the terms which come from the conformal and chiral anomalies and the
term corresponding to (1.1). The last section is devoted to summary and discussion.
5
2. Classical Theory of Charged Dilatonic Black Holes
We start with the following action,
Sc =
1
2π
∫
d2x
√−g{e−2φ(R+4(∇φ)2+4λ2)− e
aφ
g2A
F 2−
N∑
j=1
iΨ¯jγ
µ(Dµ− iAµ)Ψj} .
(2.1)
Here Ψj =
(ψLj
ψRj
)
’s are N massless complex fermions. gA is a U(1) electromagnetic
gauge coupling constant and Dµ is a covariant derivative. If we fix a = −2, this
action, except the fermion part, describes an effective field theory derived from
string theory.
15,16
In this paper, we choose a = 2, which gives a conseved current
(1.2) and we can obtain the classical exact solutions of this model. When we fix
the gauge freedom of reparametrization invariance by the conformal gauge (1.3)
and that of U(1) gauge symmetry by the following light-cone gauge condition
A− = 0 , (2.2)
the action (2.1) reduces into
Sc =
1
2π
∫
d2x {e−2φ(4∂+∂−ρ− 8∂+φ∂−φ+ 2λ2e2ρ)
+
4
g2A
e2φ−2ρF 2+− +
i
2
N∑
j=1
(ψL∗j ∂−ψ
L
j + ψ
R∗
j (∂+ − iA+)ψRj )} .
(2.3)
Here F+− = −∂−A+. The metric equations are given by
0 = T++ = e
−2φ(4∂+ρ∂+φ− 2∂2+φ) +
i
4
N∑
j=1
(ψL∗j ∂+ψ
L
j − ∂+ψL∗j ψLj )
+
1
2
A+
N∑
j=1
ψL∗j ψ
L
j ,
0 = T−− = e
−2φ(4∂−ρ∂−φ− 2∂2−φ) +
i
4
N∑
j=1
(ψR∗j ∂−ψ
R
j − ∂−ψR∗j ψRj ) ,
(2.4)
6
0 = T+− = e
−2φ(2∂+∂−φ− 4∂+φ∂−φ− λ2e2ρ) + 2
g2A
e2φ−2ρF 2+− . (2.5)
The Maxwell equations are
0 = − 8
g2A
∂+(e
2(φ−ρ)F+−) +
1
2
N∑
j=1
ψL∗j ψ
L
j ,
0 =
8
g2A
∂−(e
2(φ−ρ)F+−) +
1
2
N∑
j=1
ψR∗j ψ
R
j .
(2.6)
We also obtain dilaton and matter equations of motion,
0 = −4∂+∂−φ+ 4∂+φ∂−φ+ 2∂+∂−ρ+ λ2e2ρ − 2
g2A
e4φ−2ρF 2+− , (2.7)
0 = ∂−ψ
L
j , 0 = (∂+ − iA+)ψRj . (2.8)
By using Equations (2.5) and (2.7), we find that the current Jµ defined in
Equation (1.2) is conserved. Therefore we can fix the residual gauge symmetry of
reparametrization by choosing the condition, φ− ρ = 0. In the following, we only
consider the solutions with ψRj = 0. Then the general solutions of Equations (2.4)
- (2.8) are given by,
ψLj = ψ
L
j (x
+) ,
A+ = −g
2
A
4
x−
x+∫
dy+
N∑
j=1
ψL∗j (y
+)ψLj (y
+) ,
e−2φ = e−2ρ =
M
λ
− λ2x+x− + g
2
A
8
x−
x+∫
dy+(
y+∫
dz+
N∑
j=1
ψL∗j (z
+)ψLj (z
+))2
− i
4
x+∫
dy+
y+∫
dz+
N∑
j=1
(ψL∗j (z
+)∂+ψ
L
j (z
+)− ∂+ψL∗j (z+)ψLj (z+)) .
(2.9)
Now we consider solutions with ψLj = 0. A special solution describing a dilaton
7
vacuum is given by,
A+ = 0, e
−2φ = e−2ρ = −λ2x+x− . (2.10)
We have more general solutions,
F+− = C (constant) .
e−2φ = e−2ρ =
M
λ
− λ˜2x+x− .
(2.11)
Here Mλ is an integration constant and λ˜ is defined by
λ˜2 ≡ λ2 − 2C
2
g2A
. (2.12)
The solutions (2.11) tell that the metric has a singularity when Mλ − λ˜2x+x− = 0
and there appear horizons x+x− = 0. Therefore, if C 6= 0, the solutions (2.11)
describe charged black holes. The structure of space-time is similar to that of the
Schwarzschild black holes and simple in contrast to the Reissner-Nordstro¨m black
hole solutions in four dimensions. Note that the singularity vanishes when λ˜2 = 0
when we fix M to be finite, although the solution corresponds to a massive
⋆
and
charged object. This solution could be a natural analogue of extremal Reissner-
Nordstro¨m black hole solution. In fact this solution has a vanishing temperature.
The temperature can be found by changing the coordinates
x+ =
1
λ˜
√
M
λ
eλ˜tsinh λ˜r
x− = −1
λ˜
√
M
λ
e−λ˜tsinh λ˜r
(2.13)
and Wick rotating t −→ iτ . The resulting metric is given by
ds2 = dr2 + tanh 2λ˜r dτ2 . (2.14)
The geometry approaches to Euclidean flat space-time when r goes to ∞, ds2 ∼
⋆ Here “massive” means that M
λ
does not vanish.
8
dr2 + dτ2. On the other hand, the metric has a following form when r → 0,
ds2 ∼ dr2 + λ˜2r2dτ2 . (2.15)
Since the metric is not singular if and only if τ has a period of 2π
λ˜
, the temperature
T is given by,
T =
λ˜
2π
. (2.16)
This equation (2.16) tells that the extremal solutions, which correspond to λ˜2 =
0, have a vanishing temperature. This result should compare with CGHS black
holes, which have a common non-vanishing temperature λ2π . When λ˜
2 < 0, the
temperature is imaginary and the naked singularity appears.
If we fix M˜ = λ˜2M to be finite and redefine the coordinates x± by,
x+ → x+ + αM˜
λλ˜2
, x− → x− + β + 1
αλ˜2
, (2.17)
we obtain the following metric, in the limit of λ˜2 → 0,
e−2φ = e−2ρ =
1
α
x+ + αλM˜x− + β . (2.18)
The curvature is given by,
R = 8e−2ρ∂+∂−ρ
=
4λM˜
1
α
x+ + αλM˜x− + β
,
(2.19)
and we find that there appears a singularity when 1
α
x+ + αλM˜x− + β = 0.
The solutions (2.9) can also describe charged matter (chiral fermions) collapsing
into black holes. For example, we can consider a charged shock wave which is given
9
by,
i
4
N∑
j=1
(ψL∗j (x
+)∂+ψ
L
j (x
+)− ∂+ψL∗j (x+)ψLj (x+)) = aδ(x+ − x+0 ) ,
g2A
4
N∑
j=1
ψL∗j (x
+)ψLj (x
+) = bδ(x+ − x+0 ) .
(2.20)
Then the solution is given by,
x+ < x+0 , F+− = C ,
e−2φ = e−2ρ =
M
λ
− (λ2 − 2C
2
g2A
)x+x− ,
x+ > x+0 , F+− = C + b ,
e−2φ = e−2ρ =
M
λ
+ ax+0 +
2Bax+0
g2Aλ˜
′2
− λ˜′2(x+ + 2Bx
+
0
g2Aλ˜
′2
)(x− +
a
λ˜′2
) .
(2.21)
Here λ˜′ and B are defined by,
λ˜′2 ≡ λ2 − 2(C + b)
2
g2A
, B ≡ (2Cb+ b2) . (2.22)
When λ˜′ = 0, the metric (2.21) in case x+ > x+0 correspnds to the metric in
Equation (2.18). Note that there appears a singularity even in case λ˜′ = 0.
Equation (2.21) tells that the event horizon when x+ > x+0 is given by
(x+ +
2Bx+0
g2Aλ˜
′2
)(x− +
a
λ˜′2
) = 0 . (2.23)
Note that not only future horizon corresponding to x− = − a
λ˜′2
, but past horizon,
where x+ = −2Bx+0
g2Aλ˜
′2
, is shifted by the shock wave. In the original paper by ’t
Hooft,
2
the shift of only future horizon was discussed in four dimensional black holes.
10
The shift of the past horizon, which is observed in this paper, would suggest that
charged particles collapsing into Reissner-Nordstro¨m black hole in four dimensions
could shift the past horizon. The incoming matters cause the change of the charge
distribution, which would shift the past horizon.
3. Semi-classical Analysis of Hawking Evaporation
In the original paper by CGHS, they have found that the Hawking radiation
and the back reaction of the metric can be described by adding correction terms
to the classcal equation of motion. The correction terms come from the conformal
anomaly. Now, since we have massless fermions, the terms which come from the
chiral anomaly should be also added. Furthermore, by following to Russo, Susskind
and Thorlacius,
13
we also add a term SR corresponding to δS in Equation (1.1), to
preserve the conservation of the current Jµ in Equation (1.2). Then the total
quantum action Sq is given by,
Sq = Sc + Sρ + Sχ + SR ,
Sρ =
1
2π
∫
d2x
√−g{−1
2
(∇Z)2 +
√
N
48
ZR} ,
Sχ =
1
2π
∫
d2x {1
2
√−g(∇Y )2 +
√
N
2
Y ǫµνFµν} ,
SR = − N
96π
∫
d2x
√−gφR .
(3.1)
Here Sc is a classical action in Eq.(2.1). By adding new degrees of freedom Z and
Y , we write the actions in local forms. We have neglected the one loop and higher
order contributions from the reparametrization ghosts, Liouville mode and dilaton
field by assuming that the number of fermions N is very large.
In the following, we only consider the solutions where fermions ψL,Rj vanish.
By choosing the gauge fixing conditions (1.3) and (2.2), the classical equations of
11
motion (2.4) - (2.6) are modified as follows,
0 = T++ =(e
−2φ +
N
96
)(4∂+ρ∂+φ− 2∂2+φ) +
1
2
∂+Z∂+Z −
√
N
12
∂+ρ∂+Z
+
1
2
√
N
12
∂2+Z −
1
2
∂+Y ∂+Y ,
0 = T−− =(e
−2φ +
N
96
)(4∂−ρ∂−φ− 2∂2−φ) +
1
2
∂−Z∂−Z −
√
N
12
∂−ρ∂−Z
+
1
2
√
N
12
∂2−Z −
1
2
∂−Y ∂−Y ,
(3.2)
0 =T+− = e
−2φ(2∂+∂−φ− 4∂+φ∂−φ− λ2e2ρ) + 2
g2A
e2φ−2ρF 2+−
−
√
N
48
∂+∂−Z +
N
48
∂+∂−φ ,
(3.3)
0 = − 8
g2A
∂+(e
2(φ−ρ)F+−)−
√
2N∂+Y ,
0 = − 8
g2A
∂−(e
2(φ−ρ)F+−)−
√
2N∂−Y .
(3.4)
The dilaton equation of motion (2.7) is modified to be,
0 =− 4∂+∂−φ+ 4∂+φ∂−φ+ 2∂+∂−ρ+ λ2e2ρ
− 2
g2A
e4φ−2ρF 2+− + e
2φN
48
∂+∂−ρ ,
(3.5)
We also have Z and Y equations,
0 = −2∂+∂−Z +
√
N
3
∂+∂−ρ , (3.6)
0 = 2∂+∂−Y +
√
2NF+− . (3.7)
By using Equations (3.3) and (3.5), we find ∂µ∂
µ(φ−ρ) = 0 and the current Jµ
defined in (1.2) is conserved. Therefore we can impose the residual gauge condition
12
ρ = φ. Under this gauge condition, the modified Maxwell equation (3.4) can be
solved with respect to Y as follows
√
2NY = − 8
g2A
F+− + c . (3.8)
Here c is a constant. By substituting this equation (3.8) into Equation (3.7), we
obtain,
0 = ∂+∂−F+− − g
2
AN
8
F+− . (3.9)
This equation tells that electromagnetic fields become massive due to the screening
effect by fermion loops. If we consider a situation where an incoming shock wave
(2.20) carries charge, the boundary are given by,
F+− = C when x
+ = x+0 ,
∂+F+− = 0 when x
+ = x+0 and x
− = x˜0 .
(3.10)
The latter condition is imposed to fix the constant of integration.
⋆
The solution of
Equation (3.9) with the boundary condition (3.10) is given by,
F+− =CJ0(p) (x
− < x˜0)
=CI0(q) (x
− > x˜0) .
(3.11)
Here Jn is a Bessel function and In is a modified Bessel function:
Jn(z) = (
z
2
)n
∞∑
m=0
(−1)m(z/2)2m
m!Γ(m+ n+ 1)
,
In(z) = (
z
2
)n
∞∑
m=0
(z/2)2m
m!Γ(m+ n+ 1)
,
(3.12)
⋆ Since the velocity of massless matter is larger than that of electro-magnetic fields, which
is massive, the trajectory of the matter makes a shock wave of electro-magnetic field like
Cherenkov radiation. The parameter x˜0 is related to the strength of the shock wave.
13
and p and q are defined by,
p ≡
√
g2AN(x˜0 − x−)(x+ − x+0 )
2
, q ≡
√
−g
2
AN(x˜0 − x−)(x+ − x+0 )
2
. (3.13)
This screening effect makes the field strength F+− decrease when x
− < x˜0 i.e., in
the asymptotic region and increase near when x− > x˜0. As we will see later, the
singularity can disappear in a finite proper time due to this screening effect.
Equation (3.6) can be also solved with respect to Z as follows,
Z =
√
N
12
ρ+ r+(x+) + r−(x−) . (3.14)
By using this equation and the gauge condition ρ = φ, Equation (3.2) can be
written as follows,
0 = ∂2+(e
−2φ +
N
48
φ) + t+(x+)− 1
4N
{∂+(− 8
g2A
F+−)}2
0 = ∂2−(e
−2φ +
N
48
φ) + t−(x−)− 1
4N
{∂−(− 8
g2A
F+−)}2 .
(3.15)
Here t±(x±) is defined by
t±(x±) ≡ 1
2
(∂±r
±)2 +
1
4
√
N
3
∂2±r
± . (3.16)
Since r± is a solution of the equation motion (3.6), t±(x±) represents dynami-
cal degrees of freedom. Furthermore we obtain the following equations by using
Equations (3.3), (3.5), and (3.14) and the gauge condition φ− ρ = 0,
0 = ∂+∂−(e
−2φ +
N
48
φ) + λ2 − 2
g2A
F 2+− . (3.17)
The classical solution describing the dilaton vacuum (2.10) satisfies Equations (3.9)
and (3.17). If we require that the solution also satisfies (3.15), we find that t±(x±)
14
in Equation (3.15) should be given by,
t±(x±) = − N
96(x±)2
. (3.18)
Although t±(x±) can be an arbitrary function of x± in general, we assume Equation
(3.18) for a while. The contribution of the energy-momentum tensor of massless
matter fields can effectively shift t±(x±).
Equations (3.9), (3.15) and (3.17) can be easily solved. A static solution is
given by,
⋆
F+− =CJ0(p0) (x
− < 0)
=CI0(q0) (x
− > 0) ,
e−2φ +
N
48
φ =
M
λ
− λ2x+x− − N
96
ln (−λ2x+x−) + 1
N
(
2C
g2A
)2L0(x
+, x−)
(3.19)
Here L0(x
+, x−) is defined by
L0(x
+, x−) =− p20(J0(p0)2 + 2J1(p0)2 − J0(p0)J2(p0)) , (x− < 0)
=q20(I0(q0)
2 − 2I1(q0)2 + I0(q0)I2(q0)) , (x− > 0)
(3.20)
and p0 and q0 are defined by,
p0 ≡
√
−g
2
ANx
−x+
2
, q0 ≡
√
g2ANx
−x+
2
. (3.21)
The solution (3.19) does not depend on “time” t when we change the coordinate
by,
x+ = eg(t)f(r) , x− = e−g(t)f(r) . (3.22)
Here g and f are arbitrary functions.
⋆ There is an ambiguity for the definition of ln (−λ2x+x−) when λ2x+x− > 0.
15
We can also obtain the solutions describing the matter shock wave collapsing
into the dilaton vacuum. When we consider the shock wave whose trajectory is
x+ = x+0 , F+− is given by Equation (3.11) and e
−2φ + N48φ is given by
e−2φ +
N
48
φ =
M
λ
− λ2x+(x− + M
λ3x+0
)− N
96
ln (−λ2x+x−) + 1
N
(
2C
g2A
)2L(x+, x−) .
(3.23)
Here L(x+, x−) is defined by
L(x+, x−) =− p2(J0(p)2 + 2J1(p)2 − J0(p)J2(p)) , (x− < x˜0)
=q2(I0(q)
2 − 2I1(q)2 + I0(q)I2(q)) . (x− > x˜0)
(3.24)
4. The Fate of Singularity and Apparent Horizon
In this section, we discuss the behavior of curvature singularity and apparent
horizon by using the exact solution (3.23). In this section we assume λ˜2 ≡ λ2− 2C2
g2A
is positive. The main results are following:
1. When λ3x+0 x˜0 > −M , the essential behavior is similar to that of Callan,
Giddings, Harvey and Strominger’s dilatonic black hole theory modified in
the paper by Russo, Susskind and Thorlacius.
13
The singularity formed by the
collapsing matter emerged naked.
2. When λ3x+0 x˜0 < −M , the singularity and the apparent horizon disappear
in a finite proper time. Furthermore, there appears a discontinuity in the
metric on the trajectory of the collapsing matter (x = x+0 , x
− > − 1
λ2x+0
N
96).
The curvature R = 8e−2ρ∂+∂−ρ become singular when e
−2φ = N96 since
R ∝ (e−2φ − N
96
)−1 . (4.1)
By using Equation (3.23), we find the line of the singularity is given by,
λ2x+x−+
M
λx+0
(x+−x+0 )+
N
96
ln (−λ2x+x−)+ N
96
(1− ln N
96
) =
1
N
(
2C
g2A
)2L(x+, x−) .
(4.2)
16
A point on the trajectory (x+, x−) = (x+0 ,− 1λ2x+0
N
96) satisfies Equation (4.2).
We now discuss about the solution of the Equation (4.2) when x+ is large
enough. It is convenient to divide the both side of Equation (4.2) by x+ and define
functions R(x−) and L(x−) by
R(x−) = 1
x+
{λ2x+x− + M
λx+0
(x+ − x+0 ) +
N
96
ln (−λ2x+x−) + N
96
(1− ln N
96
)} ,
L(x−) = 1
Nx+
(
2C
g2A
)2L(x+, x−) .
(4.3)
Then the singularity line is given by R(x−) = L(x−). When x+ → +∞, the curve
CR = {(x−, y) | y = R(x−)} approaches to the followng curve
CR =⇒ CR∞ = {(x−, y) | y = λ2(x− +
M
λ3x+0
) , x− < 0}
⊕ {(x−, y) | y < M
λx+0
, x− = 0}
(4.4)
On the other hand, the curve CL = {(x−, y)|y = L(x−) approaches to the following
curve
CL =⇒ CL∞ = {(x−, y) | y = 0 , x− < x˜0} ⊕ {(x−, y) | y ≥ 0 , x− = 0} (4.5)
When λ3x+0 x˜0 > −M , there appear two solutions satisfying the equation R(x−) =
L(x−) in the limit x+ →∞,
x− = − M
λ3x+0
,
x− = 0 (x˜0 > 0) or x
− = x˜0 (x˜0 < 0) .
(4.6)
Note that there appears two lines of singularities.
When λ3x+0 x˜0 < −M , there is not any solution satisfying the equation
R(x−) = L(x−) when x+ = ∞. This tells that the curvature singularities disap-
pear in a finite proper time. The disappearance occurs in a weak coupling region
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e−2φ < N96 and the semi-classical analysis given here is reliable. The collapsing
matter ‘pair creates’ two curvature singularities and these singularities ‘pair anni-
hilate’ in a finite proper time when λ3x+0 x˜0 < −M , i.e., the line of the singularity
makes a loop in x+-x− plane. Outside of the loop, we find e−2φ < N96 in a region
x+ > x+0 . On the other side, in a region x
+ < x+0 where the solution describes the
dilaton vacuum (2.10), e−2φ > N96 just below the trajectory of collapsing matter
x+ = x+0 − 0 when x− > − 1λ2x+0
N
96 . Therefore there appears a discontinuity on
the trajectory x+ = x+0 , x
− > − 1
λ2x+0
N
96 although e
−2φ + N48φ is continuous. The
discontinuity would be a signal of topology change.
Although the curvature singularity appears at (x+, x−) = (x+0 ,− 1λ2x+0
N
96), the
singularity disappears on the line x+ = x+0 + ǫ (ǫ is an infinitesimal constant) if
∂+R(x−)|x+=x+0 < ∂+L(x
−)|x+=x+0 , (4.7)
that is,
x˜0 < − Mg
2
A
2C2λx+0
− N
96λ2x+0
. (4.8)
In this case, the curvature singularities appear after a finite proper time or any
singularity does not appear. In any case, the discontinuity of the metric appears
on the trajectory of the collapsing matter.
Since e−2φ < N96 outside the singularity loop in a region x
+ > x+0 , e
−2φ ∼
−N96 ln (−λ2x+x−) when −λ2x+x− ∼ 0. Then the curvature R = 8e−2ρ∂+∂−ρ
diverges as R ∼ {−λ2x+x−ln (−λ2x+x−)}−1. Therefore there appears a new
line of the singularity when x− = 0. The singularity occurs since we have cho-
sen t±(x±) by Equation (3.18). There is an ambiguity to how to choose t±(x±)
since t±(x±) or r±(x±) in Equation (3.16) can be regarded as a part of dynamical
modes of the field Z in Equation (3.14). If we choose t−(x−), for example, by
t−(x−) = −N96 12∂2−ln {(x−)2 + α2} (α is a constant), there is no singularity except
the singularities coming from e−2φ = N96 . Therefore the singularity which appeared
when −λ2x+x− ∼ 0 would not have a physical meanings. If we do not change the
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asymptotic behavior of t±(x±), the qualitative behavior of the e−2φ = N96 singular-
ity line do not depend on the choice of t±(x±).
We now discuss about the apparent horizon which is defined by, ∂+φ = 0.
7
By
using Equation (3.23), we find that the apparent horizon is given by,
λ2(x− +
M
λ3x+0
) +
N
96x+
=
1
N
(
2C
g2A
)2∂+L(x
+, x−) . (4.9)
When x+ = x+0 + 0, the solutions which satisfies Equation (4.9) is given by, x
− =
− 1
λ˜2
( M
λx+0
+ N
96x+0
+ 2C
2x˜0
g2A
) and x− = −∞. Note that there appears two lines of
apparent horizons in general. We define RA(x−) and LA(x−) by
RA(x−) = λ2(x− + M
λ3x+0
) +
N
96x+
,
LA(x−) = 1
N
(
2C
g2A
)2∂+L(x
+, x−) .
(4.10)
The apparent horizon is given by RA(x−) = LA(x−). When x+ → +∞, the curves
CAR = {(x−, y) | y = RA(x−)} and CAL = {(x−, y) | y = LA(x−)} approach to the
following curves
CAR =⇒ CAR∞ = {(x−, y) | y = λ2(x− +
M
λ3x+0
)}
CAL =⇒ CAL∞ = {(x−, y) | y = 0 , x− < x˜0} ⊕ {(x−, y) | y ≥ 0 , x− = 0}
(4.11)
When λ3x+0 x˜0 > −M , there appear two solutions satisfying the equation
RA(x−) = LA(x−) in the limit of x+ =∞,
x− = −Mλ3x+0 , x− = x˜0 . (4.12)
In this case, the behaviors of the lines of singularities and apparent horizons are
qualitatively similar to that of Callan, Giddings, Harvey and Strominger’s dilatonic
black hole theory modified in the paper by Russo, Susskind and Thorlacius
13
and
the singularity emerges naked. When λ3x+0 x˜0 < −M , there is not any solution
satisfying the equationRA(x−) = LA(x−) in the limit of x+ =∞ and the apparent
horizons disappear in a finite proper time.
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5. Summary and Discussion
We have analyzed exactly solvable semi-classical theory of two dimensional
dilatonic gravity with electromagnetic interactions. We added the term which
changes the kinetic term and keeps the current Jµ = ∂µ(φ − ρ) to conserve. The
theory contains massless fermions as matter fields and there appear the quantum
corrections including chiral anomaly. The screening effect due to the chiral anomaly
has a tendency to cloak the singularity. When λ3x+0 x˜0 < −M , the singularity
coming from e−2φ = N96 and the apparent horizon disappear in a finite proper time.
Furthermore, there appears a discontinuity in the metric on the trajectory of the
collapsing matter, which would be a signal of topology change.
One of the problems is whether the disappearence of the singularities observed
here is independent of the details of the models since many semi-classical models
have been proposed.
10−13
We have also analyzed the model without φR term in
(1.1), which corresponding to the original model by CGHS. By assuming that
λ˜2 ≡ λ2 − 2C2
g2A
is small compared to λ2, we have investigated the line x− = f(x+
where φ is a constant (on the singularity φ = −12 ln N96) and we find
f(x+) = f0 − f1 λ˜
2
λ2
(x+ − x+0 ) + f2(x+ − x+0 )2 +O((x+ − x+0 )3) . (5.1)
Here fi’s are order one quantities with respect to
λ˜2
λ2 and positive if x˜0 ≪ − N24λ2x+0 .
Therefore there exists a point x+ = x˜+0 which satisfies x˜
+
0 −x+0 = O( λ˜
2
λ2
), x˜+0 −x+0 >
0 and f ′(x+) = 0. This tells that there is a turning point and we have found that the
screening effect due to the chiral anomaly has a tendency to cloak the singularity.
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